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PREFACE, 

The following pages are divided into tliree 
cliapters. Tiie first preseiita by way of intro- 
duction some of the elementary principles of 
continuous girders, aad the fundamental ideas 
relating to tie caloulation of strains. The sec- 
ond gives the theory of iiesuie as applied to 
the continuous truss of constant cross section, 
and exhibits it in fonniilfe (I) to (TI), ready 
for application to any particular case ; and the 
third gives am example of the computation of 
strains in a continuous truss of live unequal 
spans, ■with some useful hints concerning the 
practical building of such bridges, 

TJie theory of flexure indicates that, by tlie 
use of continuous instead of single span 
bridges, a saving in material of from twenty to 
forty per cent, may be effected. It is easy in- 
deed to say tliat thisadvantage will be entirely 
swallowed up by the effect of changes of tem- 
perature, increased labor of erection, or. addi- 
tional cost of workmanship, but by no amount 
of reasoning can such disadvantages be esti- 
mated. Theory indicates a large saving. 
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■whetlier or not it cau be realized, may only be 
determined by trial. Other natioos have built 
and are building continuous bridges, and their 
experience Jias not yet shown that the system 
is inferior to thai of single spans. The inter- 
est now prevailing among American engineers 
in the subject, and the fact that at some recent 
bridge lettings plans have been ofEered for a 
continuous structure, seem to Indicate that the 
system will also be tried here. 

This little book may then perhaps be of val- 
ue to bridge engineers, as well as to studeuts 
iu general. 

M. M. 

jVcio Havsii, Conn., July 10, ISTC. 
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THEOKY ASD CALCULATION 

CONTINUOUS BKIDGES, 



When a straight bridge consists of 
several spans, each entirely independent 
of the others, it is said to be composed 
of simple girdei's. If, on the other hand, 
it -ionsists of a single truss extending 
from one abutment 10 the other ■without 
any disconnection of parts over the piers 
it is called a continuoiis girder. A load 
placed upon any span of a continuous 
beam influences, to some extent, each of 
the other spans, and hence its complete 
theory is much more complex than that 
of the simple one. This very complexity 
however has rendered the subject an at- 
tractive one to mathematicians, who, 
pursuing science for science's sake, have 
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investigated i,he laws of equilibrinm 
which govern it. These laws with the 
many Ineaiitiful consequences attending 
them foi-m one of the most interesting 
chapters of mathematical analysis, and 
as snch have interest and valae inde- 
pendent of theiv application in engineer- 
ing art. 

It is the object of the present paper to 
present in as simple a foi-m as possible 
some of the main principles and laws 
most needed by the engineer, and to il- 
lustrate their application as fnlly as 
space will permit to the practical de- 
signing of contininiQs bndges. 

OnArTEE I. 

The first point to be observed in con- 
sidering either a simple or continuous 
girder is that all the exterior forces 
which act upon it are in equilibrinm. 
The exterior forces embrace the weight 
of the girder and the loads upon it which 
act downward, and the pressures or re- 
actions of the supports which act up- 
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ward. In order that these may be in 
equilibrium, it is necessary that the mm 
of the reaoiiofis of all the supports must 
be equal to the total weight of the girder 
and its load. 

Thus, if a simple girder of uniform 
section and weight rest at its ends upon 
two supports, the reaction of each sup- 
port will be one-half the weight. Exactly 
in the center between the two suppoite 
or abvitments, let us suppose a pier to 
be placed ]ust touching, but not pressing 
against the beam, which, at that point, 
has a deflection below a straight line 
joining the two abutments. Then the 
condition of things is in no way altered, 
for the weight being W, each abutment 
reacts with a force ^"W, while the pier 
bears no load. Raise now the pier so aa 
to lift the girder above the line of de- 
flection and it r^^ceives a part of the 
weight W, while ohe reactions of the 
abutments become less than \ W. If 
the pier be raised higher and higher, it 
will at length lift the girder entirely 
from the abutments and bear itself the 
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whole load W. In every position, how- 
ever, tho sum of the reactions of the 
three supports ia equal to the total load. 
For example, when the three are on the 
same level it may be shown that the re- 
action of each abutment is A W, and 
that of the pier H W. 

This illustration shows also that small 
di^&-ences of levelin the supports occur- 
ring after the erection of a bridge cause 
large variations in the rea^iona of its 
tupporta and in the strains in its several 
pa ts A simple girder having a deflec- 
tion of one inch, woald, if raised one 
and thiee fifth inches at the center, be 
entitely lifted from the abutments. In 
the fiist c 3e the upper fiber would be in 
compiession, the lower in tension; in the 
second case, the upper would be in ten- 
sion, the lower in compression. If the 
center were raised only one inch, the re- 
versal would be only partial, the upper 
fiber becoming sabject to tension for a 
short distance on each side of the mid- 
dle. This fact often used as an argu- 
ment against continuous bridges, is really 
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an objection only when tlie piers aro 
iiable to settle aftei' erection. Difference^ 
of level, previously existing, do not aet 
prejudicial when the bridge is hiiilt upon 
the piers, and with a profile correspond- 
ing to tliem. 

The mathematical theory of the con- 
tinuous girder enables its reactions and 
internal strains to he found for any as- 
sumed levels of the supports, provided 
only that the differences of level are veiy 
small compared with the length of the 
spans. However interesting such inves- 
tigations may he in themselves, they are 
of little importance in practice, since it 
has been shown that when all the points 
of support are on the same level, the 
greatest economy of material results.* 
In all that follows, then, we shall regard 
the girder as resting on level supports, 
or, what is the same thing, that it was 
built with a profile con-esponding to that 
of the piers. 
The loads upon a bridge and the reac- 

'iger, p. 1B». 
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tiuns of the supports are external forces. 
The equilibrium between them is main- 
tained by means of internal forces, ^¥hi^ih, 
in a framed truss, are transmitted longi- 
tudinally along the pieces as strains of 
tension and compression. When, all the 
external forces are known, these inte)-nal 
forces or strains can be readily found. 
This very important point we shall now 
proceed to illnstvate. 

Fig. 1 represents a portion of a con- 
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tinuous girder; the first span on the left 
is called \, which also represents its 
length, the second ?„ the third ^j, etc.; 
in like manner, the supports beginning 
on the left are designated by the indices 
1, 2, 3, etc., and their reactions by R„ 
Rj, R„ etc. Let the load per linear unit 
be w, supposed uniformly distributed, 
then the weight of the first span will be 
wi„ of the second wl^, of the third w) I,, 
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, If there are four spans tlie total 
"ht will be 



and from the funclameiital idea of eqiiiU- 
brium, we must have the equation 

R, + R, + R, + U, + Il„=J5 {l, + l, + l, + l,) 

Each of the veactiona is then a fraction- 
al part of the total load, and by methods 
hereafter to be explained, their values 
may be readily computed, whatever be 
the number of spans. Granting for the 
present that they may be found, let ua 
inquire how we may obtam the internal 
forces or strains in any part of the gir- 
der. 

In the span l^ let a vertical plane be 
paasedj cutting the beam at a point 
whose distance from tlie support 3 is sc. 
All the internal forces acting in this sec- 
tion may be considered as resolved into 
two comjDonents, one vertical and the 
other horizontal. The sum of all the 
vertical components is a force which pre- 
vents the two parts of the beam from 
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shearing asunder, and Js called the shear 
for that section ; the horizontal compo- 
nentH acting in parallel planes are the 
resisting strains of tension and compres- 
sion in the horizontal fibers, and the sum 
of their moments with reference to any 
point in tUe section is called the moment 
of resistance, or simply the moment for 
that seotion. The internal strains in any 
section are thus completely represented 
by the shear and moment. For example, 
if the girder in Fig. 1 be a framed truss 
of which Fig. 2 represents the span l^ 
Fig. 2. 

enlarged, and the section be passed cut- 
ting the three pieces EF, Fe, and ef, 
the vertical components of the chord 
strains will be zero, and that of the di- 
agonal strain e F will be the shear. 
Hence, if the shear be known, and the 
angle included between the vertical and 
a diagonal be 9, we have only to multi- 
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ply the shear by sec. 9 to find the strain 
in the diagonal. Again, let the section 
1)6 moved to the left so as to pass through 
the point e, and let that point be taken as 
the center of moments. Then the mo- 
ment of resistance will be the moment 
of the chord strain E F. Hence, i£ that 
moment be known, we have only to di- 
vide it by the depth of the trass to get 
the strain in E F. 

The iutenial shear and moment at 
any section are easily found from the 
fundamental conditions of statical equili- 
brinm. The shear being an internal 
vertical force is the resultant of 
the exterior vertical forces on either 
side of the section. The exterior forces 
on the left of the section, for instance, 
have for a resultant theii' algebraic snm ; 
considering the upward forces as posi- 
tive, and the downward ones as negative 
we have from Fig, 1, their sum 

as the expression for the shear in the 
section a;. To get the internal moment 



f, Google 



for the same Bection, we have only to 
considei' in like manner tliat it is equal 
*o the sum of the moments of all the ex- 
tenor forces on either side o£ the section, 
for if otherwise, thei'e would bo a ten- 
dency to rotation, Tlie moment of the 
force Ri with reference to x is R, 
il, + l, +x), of R, is R^ {I, +a!), of the load 
wl^,\stol, (J/, + 4 + a;), etc. Thus from 
a mere inspection of Fig. 1 we write the 
value of the moment M, i-egarding those 
moments as positive which cause a ten- 
sile strain in the upper fiber at x, and 
those as negative which cause a compres- 
sive one, The expression is 
M= -R, (;,-!-;, -I- o;) + TO;j^;, + ;, + a;)- 

Now in these expressions for the in- 
ternal shear S and the moment M at any 
point X, the lengths l.j \, x are given by 
the oonditions of the case in hand, and 
the same is true of the load per linear 
unit w. Hence the shear and moment, 
and consequently the internal strains are 
easily obtained as soon as the reactions 
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of the supports are known. We shall 
hereafter give methods by which the re- 
actions may be readily determined. 

By the same reasoning if we pass a 
section in the span l^, (Fig. 1) at a point 
whose distance from the snpport 2 is x, 
the shear S and the moment M for that 
section will be 

S=R -wl,+R,-w<i} 
M=-R, {l,+a) +wl,{il, + x} 



In a simple girder whose length is Z^, and 
each of whose reactions is R or ^ widths 
shear and moment for any section cc will 
be 

S=R-iwa;=M dl-x) 
M=-Ra;+-^=| {-Ix+x') 

When the number of spans is large, 
the expressions for the shear and moment 
as above deduced become long and in- 
volve much arithmetical computation. 
We are, however, fortunately able to 
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place them under a much simplei' form. 
First they may be written thus 

&=(R^-wl, + 'R,-'a;l,+R,)--wx 

Now{R,-w^, +R,-w/, +R,)isthe 
shear in the span ?, at a point infinitely 
near to the support 3 ; iet this be called 
Sg. Also the quantity enclosed in [ ] in 
the second equation is the moment of 
the exterior forces with reference to the 
point 3 ; let this be called Mj. Then the 
equations become 

M=M,-S,a! + iwa;' 

Therefore the internal shear and mo- 
ment at any secHon can immediately he 
fow8(^, without the necessity of determin- 
ing the v^z,cXioQ6, provided toe knoto the 
shear and the moment for the preceding 
support. This method, due to Clapeyron, 
of using the moment at the supports in- 
stead of the reactions greatly simplifies 
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tlie iiLimerioal comjmtatioiisof a cotitiiiu- 
ous tnise. We designate the moment at 
3 by Mj, tlie reaction being R„ or the 
sum of the shear §„ in the span l^ and 
of the shear S'^ in the span I ^ both iofl- 
nitely near to the support 3. In like 
manner the moments at tlie supports 2 
and 4, viH be designated by M^ and M , 
the shears just to the right of those 
points by S, and S„ and those to the left 
by S\, and S',. In general for any sup- 
port whose index is n, we have (Fig. 3) 

Fig. 3. 



on the left, the span In^u on the right the 
span ^n ; the shear infinitely near to n 
on the left is S'n—i, ou the right Sn ; the 
sum of S'n— 1, and Sn makes the reaction 
Rn ; and the moment over the support 
is ]V[n, If the load be nniform and 
equal to w per linear unit, the internal 
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shear S and moment M for any section x 
are given by 

M=Mn— SfliK + j W^'' 

To find then tte internal strains in 
the diagonals of a continuous truss dae 
to dead load only, we have to pass a 
section cutting each diagonal and find 
the value of S, this is the shear which 
the strain in the diagonal must resist 
and multiplied by sec. 6 [d being the in- 
clination of the diagonal to the vertical,) 
it gives the required strain. To find the 
gtrairiB in the upper chord we have to 
take the lower chord apices as centers 
of nioments and compute the values of 
M ; these divideci by the depth of the 
truss give the strains, which are tensile 
if M is positive, compressive if M is neg- 
ative. To find the lower chord strains, 
we choose the upper apices from which 
to measure the values of ce, and divide 
the resulting values of M by the dejith 
of the truss ; if M is positive these give 
compressive strains ; if negative, tensile 
ones. 
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Everything is thus known, except the 
shears and moments at the supports, and 
for these formulse and methods will be 
presented in Chapter 11, by which they 
may be found for all cases. We give 
here, however, two tables from which 
they may be found for the common 
case when all the spans are equal, and 
which, by a simple law, may be extend- 
ed to include any number of such spans. 

As before, let to be the unifoi-mly dis- 
tributed load per linear unit; let I be the 
length of each span, then will w I be the 
weight of one span. The shear at any 
support is a fractional pait of vi I, or 

Shear=A»u; 
A being a fraction given in tiu^ follow- 
ing triangle : 
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Each of the squares composing this 
triangle represents one of the supports, 
and its left hand division gives the left 
hand shear S'n— i, and the right hand one 
the shear Sn (Fig. 3). Thus, in the gir- 
der of three spans, the triangle shows 
that the first support, beginning at the 
left, has on the left no sheai", and on the 
right Yb '" h t^^t ^^^ second support has 
on the left a shear of ja ""> h ^nd on the 
right one of /„ w I. The sum of the two 
shears for any supports is of course its 
reaction. For example, a girder of six 
equal spans has at its middle support a 
reaction of -tSf w I. 

The moment at any support will be a 
fractional part of vil^, or 

Moment — Bwl^' 
E being a fraction given in the following 
triangle ; in which like the preceding 
one the spaces indicate the supports of 
the girder, Tlius, the fourth horizontal 
line refers to a girder of four spans, the 
moments at the first and last supports 
being 0, at the second and fourth ^- wp 
and at the middle one A to I'. 
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The triangles can be extended to any 
required length by the application of the 
following law which obtains in alloS^we 
columns. Any fraction belonging to an 
even number of spans, may be obtained 
by multiplying both numerator and de- 
nominator of the preceding fraction by 
two and adding the numerator and de- 
nominator of the fraction preceding that. 

Thus for eight, spans, the fraction — 
_2X1H-11 ...... 

2 
2xl2-fS 
2X142 + 104 
oblique column or the other. For an o<kl 
number of spans, any fraction is found 
by adding the two preceding fractions, 
numerator to numerator and denomina- 
tor to denominator. Thus for seven 
spans, 

12 8+4 12 9 + 3 

142^104 + 38 "'^ I42~104 + 38' 
These tables* furnish the data for solv- 
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ing all questions concerning continuous 
girdera whose supports are on the same 
leTel, whose spans are all equal, and 
which are loaded uniformly througtont 
their entire length. The reader should 
first acquire facility in the nse of the 
tables. We give, therefore, a few ex- 
amples for practice ; 

1. In a girder of six spans, what is the 
reaction at the second suppoil ? 

Ans. K,= ---- w I. 
' 104 

2. In one of eight spans, what is the 
reaction !it the middle siipport? 

3. In one of ten spans, what is the mo- 
ment over the fourth support from the 



i. In one of seven spans, what are the 
shears S, and S', ? (see Fig. 3.) 

Am. 8,=~wl S\=^^tul. 
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5. In OTIC of six spans, what is the mo- 
ment Mj and the shear S^ ? 

Having thns found from the triangles, 
the moment Mn and the shear Ha for the 
n^ support, the shear S and the moment 
M for any section in the '/i,^ span are 
readily found from the formnlie 

M=Mu — SniC-l-i wx' 
which ive have demonstrated above, and 



in which x is the distance from the sup- 
port n to the assumed section. If in 
these X be made equal to I, they will, of 
course, give the shear §'□ at the left of 
the n+'i^ support, and the moment 
Ma+i over that support. We will illua- 
ti^ate their use by a few examples : 
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6. In a continuous girder of three 
spans, what is the shear and the moment 
at the center of the middle span ? 

We havefrom the table S,=~-- wl and 
1 1" 

M.=j5«?. 

Hence 

Srx— w 1—10 X 
10 

and placing x equal to ^l, we have 

7. In a girder of six spaiis, finci the 
shear and moment at the center of the 
second span? 

Am. S= A '0 ^ M=--j^„ w P 
104 208 

8. In one of four spans, ivhat is the 
shear and moment in the third span for 

Aiis. S=- — w I andS=— ■ — ml 
14 14 



1 



wT. 
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In computing a ft-amed truss we need 
to find the value of S for a section cut- 
ting every diagonal and that of M for 
one passing through each panel apex, 
from these ive readily derive the strains 
in the webhing and chords by the rules 
explained above. A single example will 
render the whole process clear. (We 
here treat of the dead load only ; com- 
putations involving the live or rolling 
load will be presented hereafter.) 

Let the truss represented in Fig. 3 
consist of seven continuous spans, each 
sixty feet in length. Let the unifonnly 
distributed load per linear foot he two 
hundred pounds, one half of which rests 
upon the upper chord and the other half 
upon the lower. The lower chord is di- 
vided into six bays, each of ten feet, and 
is connected with the upper one by a 
Warren system of diagonals. The depth 
of the truss is seven feet. Let it he re- 
quired to compute the strains in all the 
pieces of the thu'd span, due to this dead 
load. 

We first take from the triangles for a 
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girder of seven spans, 8^=-— - v}l arid 

U 
M,=— wf. We have for our case, 

M=200 lbs. and ^=60 feet. Hence 

S,=5916 lbs. andMj=55775 lbs. ft. 
Inserting these and the value of lo io the 
above genera! foi-mulis, we have 

S=5916— wa! 

M = 55775— 5013^+100 k' 
as the value of the shear jind moment for 
any section x. 

]Sfow, since this is a framed truss, and 
the several pieces are to be subjected 

only to longitudinal strains, the load 
should not be strictly unifoi'mly distrib- 
uted but concentrated on the upper 
chord at the panel points B, C, etc. and 
on the lower chord at a, h, a, etc. Allow- 
ing that each of these points r 
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eqnal weight and that a aii5 ff, count as 
but one point, we have at a 500 lbs., at 
ff 500 iba. and at each of the others 1000 
lbs. In finding the shear for the diag- 
onal a B, we pass the section anywhere 
between a and B and take tox as 500, 
for B^toxm 1500, for 5C 2500 and so 
on ; these subtracted from S, give the 
required shears. This is in fact nothing 
but taking the algebraic sum of all the 
exterior forces between the left hand of 
the truss and the diagonal under consid- 
eration, for S, is the sum of those forces 
from the left end to the beginning of the 
span. For the diagonal Fe we have, for 
example, 

S= 5910 — 8500= —258-1 lbs. 

Thus by successive subtraction we 
find the shears for all diagonals. Multi- 
plying them by the secant of the angle 
between a diagonal and the vertical or 
by 
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and we have the required strains. To 

determine their character we have simply 

to consider that a positive shear causes 

I tensile 



whieh slopes \ «P«"""^^ j. tcmard the 

( downward ) 
left hand support, while a negative shear 
produces the reverse. In the following 
table, the results thus determined are 
recapitulated. The first column shows 
the name of the diagonal corresponding 
to Fig. 2, the second gives the shears, 
the third gives the slopes, + indicating 
an upward inclination toward the left, 
and — a downward one, and the last 
column gives the strains, + indicating 
tension, and — compression. In f oi-raing 
the last column from the two preceding 
ones, it will be noticed that the rule of 
signs is observed : 
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Piece. 


Bliear. 


Slope. 


Strain. 


Ba 


+541G 


_ 


-GG.-.6 lbs. 


Bb 




-4419 


.-[- 


+5437 


C6 




■8416 




-41fi8 


Co 




-3416 


+ 


4-3909 


De 




-1416 




-1740 


Dd 




■ 41G 


+ 


+ 511 

+ "8 


Erf 


- 584 




Be 


-1584 


+ 


-1047 


■Fe 


-3o84 




+3178 


F/ 


-3584 


+ 


-4405 


G/ 


-4584 




+5634 


GS 


-3584 


+ 


-6883 



We will now pass to tlie computation 
of the chord strains. In the above ex- 
pression for M the quantity ^wx' or 
100 x" is the moment of the load between 
the point 3 and the aasiimed section and 
its value is the same whether the load be 
considered as uniformly distributed or 
concentrated at the apices as above. 
Hence to find the moments for the upper 
chord we have in the expreasion 

M = 55775 — 6916 a!+ 100 iK' 
simply to give to x the successive values 
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0, 10, 20, etc., since for the bays A B, 
B C, C D, etc., the opposite vertices a, h, c 
etc., must betaken as centeraof momenta. 
Thus if the bay CD be cut rotation will 
at once begin around the point a ; we 
taice then x =20 and find for the mo- 
ment of the strain in C D, 

M= — 22545 lbs. ft. 
and dividing this by its levei- arm or 
seven feet we have 8221 lbs for the 
^strain. The character of the strain is 
found by recollecting that a positive mo- 

( tensile ) 
ment causes a \^^^,.,^^^\ strmmn 

the \ ""^P^^ \ chord, while a negative 

( lov!er ) 
moment produces the reverse. If we 
■designate then tension by + and com- 
pression by — , the signs of the strains 
in the upper chord will be the same as 
those of the moments. In this way it is 
«asy to compute the following results : 
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s CnoKD. (See Fig. 3). 



GH 



+55775 I1j3. ft. 
I 4- 6615 
, -33S45 
-31705 



4-00845 



45SS 
■1430 



Foi' the lower chord the calculation is 
very similar. The centres of moments 
are taken at the points B, C, etc., the 
successive values of x are 5, 15, 25, etc., 
the Rtrain'i are numerically one-seventh 
of the moments, and their signs are op- 
posite to that of the moments. Thus for 
the bay e/,J!=45, M= — 7945 IW ft. 
and the strain in ef is 1135 lbs. tension. 
The results are in the following table : 
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LowBE Chord. (See 


Pig. 3.) 


Bay. 


Moment. 


Strain. 


de 


4-38895 lbs. ft. 
-10465 
-30335 
-38785 
- 7B4B 
+33805 


-4090 Iba. 

+14B5 

+4318 

+1113 

+1135 

-4699 



and the strain sheet for the span is now 
complete. 

In the same way the strains for each of 
the other spans may be readily found. 
From the symmetry of the trues it ia 
evident that the fifth span ■will be exact- 
ly the same as the third, the sixth the 
same as the second, and the seventh the 
same as the first. For the fourth span 
the value of 8 and M for any section x 
are 

S=6000-M>K 

M=60848 — eOOOai+lOO x" 
and the strains will be the same on each 
side of its center. For the first span 
S, is the same as the reaction R, the mo- 
ment M, is zero and we have 
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S-4732 - wx 
M= —4732 k + IOOm' 
It ■will be seen tlieu that the compu- 
tation of the strains in a continuous 
girder ia exactly the same as in a simple 
one, except only in the preliminary de- 
termination of the shears and moments 
at the supports. In a simple girder the 
end shears are the same as the reactions 
which are known from the law of the 
lever, and the moments at the suppoi-ts 
are zero. In a continuous one these 
quantities must be determined by fonuu- 
Ite, or, for the case of equal spans uni- 
formly loaded,* taken from the triangles 
which we have given above. They may 
also be found by a graphical process. 

If the truss above discussed were built 
with seven simple girders, the strains in 
each woiild be the same. It may prove 
interesting then to compare the results 
above found with those for a simple gir- 

■ Othoi' coEYenient tables for concenlrotod loads and 
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der. The mode of computation is essen- 
tially the same ; the end shears are each 
one half the total load, the pieces A B 
and G H in Fig. 2 disappear, and for any 
section x we have 

S=6000-iwo! 
M=— eooox + lOOa;^ 
Considering as before that the load is 
concentrated at the panel points we have 
500 lbs. at a and ff and 1000 lbs. at B, C, 
D, b, c, d, etc., respectively. We then 
find the shears and moments and from 
them deduce the strains as above de- 
seribed. The results are given below 
compared with those for the third span 
of the continuouM truss. 

(See Table on following pages.) 

Adding these strains regardless of 

sign we find the two sums to be the 

same. It can be easiiy demonstrated 

that for tlie dead load such should be 
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DjAGONAi.a, (See Fig. 2.) 



PicRe, 


Continuous 


Simple truss. 


Ro 


-6651! Ills 


-6760 Iba. 


B4 


4-543? 


+5531 


Cb 


-4198 


—4^01 


Ce 


+9909 


+31)73 








D(l 




+ 614 
4- 014 


Ed 


+ 718 


Ee 






¥e 


+317G 


+3072 


Ff 






G/ 


+5634 


+5531 


G8 






Simi 


.... 44344 lbs 


44344 lbs. 



the case. As far as tlie ditigonals are 
concernetl, the two structures require au 
equal amount o£ material. 

Upper Cqoed. (See Fig. 3.) 



Bay. 


Continue ua 


Simple truss. 


BC 
CD 
DE 
EF 
FG- 
OH 


+7908 lbs. 

+ 94) 

—3331 

-4.5-29 

— 21J81 

+l43e 

+81193 


— 7143 lbs. 
—11439 
—138^7 
—11439 

— 7143 


Sum 


.... 39iG31b3. 


OOOul lbs. 
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Adding the strains in the upper chord 
we observe that the stim for the simple 
trues is about l.V times that of the other. 
If the amount of material is to be pro- 
portional to the strain, a considerable 
saving will here be expected. 



Lower Choko. (See Fig. 3.) 


Bay, 


truss. 


Simple truss. 


ab 

be 
ed 
de 

^■f 

fa 


—4099 lbs. 

+1495 

+4318 

+4113 

-1-1135 

—4609 


— 8643 
—13500 
—13500 

— 9643 

— 8039 


Sun 


.... 19758 lbs. 


53144 lbs. 



The lower chord in the simple truss 
would then be subjected to about 2.6 
tim.ea as much strain as in the continuous 



e that the same working 
strength may be allowed for compreaaion 
as for tension, we may obtain an estimate 
of the savhig in material by employing a 
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oontitmous tvuse instead of a simple one. 
The amount of material will be propor- 
tional to the strain and to the length of 
the piece strained. Regarding the bays of 
the chord as unity, the diagonals will be 
represented in length by 0.86. The pro- 
portionate amounts of iron will then be 
found by multiplying the above sums by 
unity for the chords and by 0.86 for the 
diagonals. Thus we have a 





COMPAEISOH. 






Continuous 


Simple trosB. 


Diagonals 

Upper Chord. , 
Lower Chord. . 


380S0 
39762 
19758 


38050 
50001 
53U4 


Total... 


87S70 


140105 



from which we see that the amounts of 
material in the two cases are in the ratio 
of the numbers 8'7570 and 140195 or as 
1 to 1,6, For this particular span then 
a saving in material of thirty-seven and 
a half per cent, is effected by using a con- 
tinuous truss instead of a c 
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It is eapaljle of demonstration that foi- 
girders subjected only to dead load, the 
total amount of strain in tlie webbing 
will be the same for simple as for con- 
tinuoua ti'usses, and also that under the 
most favorable circumstaiicee, the total 
strain in the chords of the first is to that 
in the chorda of the second as a/^ is to 
2 or nearly as 2.6 lo 1. 

In studying the theory of girders many 
interesting questions arise which are of 
little impoi'tance in pi-actice. One of 
these is the determination of the inflec- 
tion points. At these points the curva- 
ture of the beam changes, the strain 
passes from tension to compression and 
the moment is z£ro. Atany point in the 
nth span the moment is 

Making in this M equal to zero and solv- 
ing the equation with reference to x we 
gnd 



ty'^ 
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For a girder of equal spans aiicl uniform- 
ly loaded WG may hence write for the two 
inflection points, 

in which A and B are to be taken from 
the above triangles, A always being taken 
for the right hand aide of the support 
nnder consideration, for example, in a 
girder of eight spans the inflection points 
for the fourth span are at the points 

or for IB— 0.22 I and x=0.1Q I. 

The jJoint of maximum moment, or 
the point near the center of the beam, 
where the chord strain is the greatest is 
more important and readily determined 
from the above general value for M. 
Differentiating it with reference to x we 
have 

dU 

— i— = — &n + WX = 

dx 
that is, the maximum moment ohtain» at 
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the point cohere the shear is zero. Its 
value is fomi 
which gives 



value is found by repladng is by — 



Mas. M=M„ ■ 



SS, 



raa the greatest negative moment. 

Tho following examples will enable 
the reader to test hie knowledge of the 
preceding principles : 

9. In a girder of two spans uniformly 
loaded what are the maximum positive 
and negative moments ? 

Ans. 0.195 wP and— CCZl wf. 

10. In one of three spans what is the 



die span ? 

jhvi. -0.025 wf. 

1 ] . In one of eight spans where are 
the inflection points in the fifth span ? 

Ans. ic= 0.21 ;andfl;=0. 781. 

12. A continuous girder of three spans, 
eaoh equal to fifty feet, is divided into 
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five panels on the lower chord, and has 
bracing similar to that shown in Fig. 2. 
Supposing a load of five tons applied at 
each of the lower pane! points, what are 
the strains in each of the pieces of the 
middle span ? the height of the truss 
being six feet. 

Atis. In ab, — ll.T tons; in be, +1.7; 
in B 6, +13; etc. 

iu this chapter we hfive treated of the 
continuous girder when affected only by 
dead load or its own weight. In the fol- 
lowing chapters we shall take up the ac- 
tion of the live or variable load. 
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CHAPTEE n. 

contiiiuoTia girder, loaded m any 
tield ill equilibrium, by the up- 
■ward pressures or reitctions of the sup- 
ports, and, as we have seen, these reac- 
tions are alone sufficient for the complete 
determination of the strains in every 
part of the girder. But if, regarding the 
question as one of pure statics, we con- 
aider the heam as rigid, we iind it impos- 
sible to detei-raine the reactions when the 
number of supports is gi'eater than two. 
This does not arise from the fact that in 
an actual case the question is indeterm- 
inate, but simply because in considering 
the girder as rigid we have restricted the 
data to the mere weight, neglecting en- 
tirely the physical properties of the ma- 
terial. By taking into account the elas- 
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ticity of the girder, the problem becomes 
deterinhiate ; we find the reactions, or 
what is equivalent, the shears and mo- 
ments at the snppoi-ts, and from these 
the investigation of the internal forces 
or strains is ensy. 

THE ELASTIC LINE, 

When a girder is acted upon by verti- 
cal forces, a change of shape ai-ises, 
which causes the originally parallel fibere, 
to be on one side lengthened, and on the 
other shortened. Between the lengthen- 
ed and shortened fibers, there is a plane 
which undergoes no change of length ; 
the central line of this plane is called the 
neutral aieis or the elastic line. Thus, in 
the bent beam represented in Fig, i, mo 
is the neutral axis, the fibers above it be- 
ing shortened or compressed, and those 
below it lengthened or tensioned. 

We derive the equation of the elastic 
line upon three hypotheses : 1st, that all 
planes peqjendicular to the neutral axis 
before the bending or flexure, preeen'e 
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during the bending their perpendiculari- 
ty and their form aa planes ; 2d, that the 
change of length of a body subjected to 
a force is, within cei-tain limits called the 
elastic limits, proportional to the intensi- 
ty of the force ; and id, that the change 
of shape is so little that the length of the 
neutral axis is sensibly the same as its 
horizontal projection. 

In Fig, 4 we have a longitudinal sec- 
tion of a portion of a bent beam; the two 
planes ah and de, originally parallel, re- 
maining perpendicular to the neutral 
axis m o, and intersecting in c the center 
of cnrvature. Hence, drawing /</ pai'al- 
lel to ffl 6 through o, the lines J'd, ge, etc., 
denote the elongations and. compressions 
of the respective fibers, and we see from 
the fignre that 

od:od'\\df: d'f 

or the change of length in the fibers is 
proportional to their distances from the 
neutral axis. This is the consequence of 
the fii-st hypothesis. 

Designating by H and H' the force 
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acting in the fibers dfivci([ cV f, tho s 
ond liypotbesia says that 

H-.Wwdf-.d'f 

Fig. 4. 



/' \ 




llenoe, by combining tlieso two propor- 

11:11' Wo 4: od' 
or, the horizontal forces are directly pro- 
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portional to their distances from the 
neutral axis. Therefore, if we denote 
the distance of any fiber from tlie axis 
by s the strain upon it by 11', the dis- 
tance of the remotest fiber by e and the 
strain upon it by H, we have 

Ha 

H' : H : : z : e or H'=— 

We have thus far considered the crosfl- 
sectiou of the fibers as imlty. If the 
actual section be a, the force in each is 

! forces, 

aa for instance H' in the figure, tends to 
turn the beam around the point o with a 
lever arm o d' or s, and its moment or the 
measure of that tendency to rotation is 

the product of the force — — by the dis- 
tance s, or •— . The sura of ;tll these 

moments is 



f, Google 



or, since ^as' is the moment of inertia 
of the section a b, we have 

as the expression for the sura of the mo- 
ments of the internal forces, H being the 
strain in. the remotest fiber, e its distance 
from the neutral axis, and I the moment 
of inertia of the crosa-aeotion. 

The line df denotes the change of 
length of the fiber ad due to the force 
H, Hence if E be the coefficient of 
elasticity,* 

a rf : f?/ : : E ; H 
Designating the radius c o by r we have 
from the similar figures o df and cad 
(since mo=ad), 

ad-.df.y.e 



upon a CBbe whose adgs is nnlty ; Hence it»- the above 
i»BB E=H-s-^. The teem. moanlUB of elasticity pro- 
perly relsteB k) the impact of bodies, and Is a meaaiire of 
elaatfcily In the common sense of the word, uBitj Indi- 
cating pertaot alasticity or resOtutloB of foim. These 
terms are often confounded by writars. 



f, Google 



Combmiiig tliese proportions we find 

atid lience, lor tlie \-.\h\e of the internal 
moment, we liave. 

The radiuM of curvature of any plane 
cnrve, whose length isti, and co-ordinatea 
X and y is* 

du' 

And as by our third hypothesiN we may 
place dii=rJx, this becomefi 



which, inserted in the above value of M, 
aa the differential equation of the elastic 

< See any work on the DlfFeieutial Calculus. 
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curve, applicable to all bodies subject to 
flexare, which fulfill the condition im- 
posed by the third hypothesis. The co- 
efficient of elasticity and the moment of 
inertia may be different in every section, 

CONDITIONB OF EQTJII.IBKIUM. 

Let US consider the r'-^ span of a con- 
tinuous girder whose length is 4, and 
let a single concentrated load P^ he 
placed on this span at a distance kl^ from 
the left hand support n This load, the 
loads on the other spans, and the weight 
of the girder itself, are held in equili- 
brium by the vertical reactions Kr— i, 
Rr etc., of the several supports. (See 
Fig. 6.) 

Let us pass a section between the load 
Pj and the support r-M at a distance » 
from the r'^ support. As shown in the 
last chapter, all the intei-nal forces in this 
section are represented by a shear S and 
a moment M. The shear S is equal to 
the algebi-aic sum of all the external 
forces upon the left hand side of the sec- 
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tion, and tlie .aoraent M is (iqual to the 
sum of tiie moments of those forces with 
respect to the section as a centei-. Hence, 
regai'ding upward forces as positive, and 
a moment as positive when it tends to 
cause tension in the upper fiber of the 
section, we have 
(2) S = Sr - Pr 

M^M, - Sra;+Pi- (x-kk 
ill which Sr is the shear at the right of 
the ?■"' support, and Mt the moment at 
that support. In like manner for a sec- 
tion between r and Pr, we have 

M=M,. - S, X 
Th« internal forces at any section caa 
then be found as soon as the shear and 
moment at the preceding svippoit are 
inown. 

If, in the above expression, we make x 
equal to 4, M becomes Mi._|.i,and we de- 
duce 

(3) S, = 5L_-_-*tt. + p,„__i) 
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The shear and moment at any section 
can then be determined as soon as Mr and 
Ml. ^1, the moments at the preceding and 
follow ng ni 1 o ts a e kno 

Thes oonJto ot eq I b»j m e 
entirely depe de t of *i t ona t\ e 
dimen o a o mate al of tl e beam o 
in the elat ! e gl t of th i j rts of 
tlie giidei, 

■i'JIE EQUATI0^" Ol'- '[HE i;i,ASTIO LINE. 

In order to apply equation (l) to the 
case of continuous girders, we have to 
insert for M, E and I theii- values as func- 
tions of X and integrate the equation 
twice. E, however, cannot under any 
ordinary (jircumstanoee be a function of 
X, it being dependent upon the elaatioity 
of the mateiial alone, which Is nearly the 
same in one and the same beam, and we 
hence regard it as constant. In a lieam 
of uniform section I is constant, and 
although it varies in common bridge 
trusses, we shall be obliged in order to 
bring the investigation within the limits 
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of this paper to consider it always as con- 
stant, taking care to point out after- 
wards the slight eiTor thus introduced. 
Inserting then in (1) the value of M 
from (2), we have 

die'~ EI 

as the difEereiitial equation, applicable 
to girders of constant elasticity and 
uniform cross section. Integrating this, 
the constant is („ the tangent of the in- 
clination of the elastic line at the sup- 
port *" and 

/.-. <?y_, 2M,ie -S,;c'-FP, jx-kl,)' 
^*' J^-''"^ 2EI 

we have thus far taken no account of 
the relative heights of the supports. 
For the reasons mentioned in the last 
chapter, we shall consider them as all 
upon the same ievel. The constant for 
the second integi-ation is then 0, the 
origin being at )■, and we have 



f, Google 



as the equation of the elastic cui've be- 
tween the load Pr and »--i-l* support 
(Fig 5). If there be several loads we 
have only to aftis the sign of Bummation 
2 to the term involving P,, and if that 
term be omitted we sJmll have the equa- 
tion between the load and the r^ enp- 
port, since for any section between those 
points M=Mr— SjOi. 

If in (5) we mate x=l„ y becomes 0, 
and inserting for S, its value from (3), 
we find 
(6) 6EIC,= -2M,^-Mr + i/,+P,^; 

Thus the equation of the enrve is 
completely determined, when we know 
M[ and Mr + i the moments at the sup- 
ports r and j--f 1. These may be found 
by the remarkable theorem of thi'ee mo- 
ments. 

THE THEOKK5I OP THKISI': MOMENTS. 

In Pig. 5 is represented a portion of a 
eontinnous truss. Beginning at the left 
hand end, the lengths of the spans are 
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denoted by l^, l^, ?,, etc., and the sup- 
ports are designated as I, 2, i', etc. 

Upon the spans ^_-i and ?, are loads 
P,_i and Pr, whose distances from the 
nearest left hand supports ai'e kl^^i and 
hlf^Je being any fraction less than nnity, 
and not necessarily the same in the two 
cases. The equation of the elastic line 
between P, and the support r + I is 
given by (5), and the tangent of the 
angle which the curve at the section x 
mal;ea with the axis of abscissie is given 
by (4), 

Fia. 5. 
^—l^r .— - A- - 



If in (4) we snbstitnte foi- S^ its value 
from (3), and for t, its value from (6), 

and make »—/„ ^ becomes /v+i the 

tangent of the inclination of the curve 
at r+1, and we find 
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Now, it' we consider the origin moved 
from the siippoit r back to J'— 1, we may 
derive a value for t^ by simply diminish- 
ing each of tlie indices in the above ex- 
pression by unity, hence 
II) G EIi,=:M,,_i?,._j+2M, ?,._i 

-Pr-i;"r_i (7c-k') 
Equating the values of eEIi, given by 
(6) and (7), we have 

=Pr - 1 ^'r-i {k-k') +J',l',{2 ifc-S/c'+F) 
which is the most general form of the 
theoi-em of Three Moments for girders 
of constant oi-oes- section. By prefixing 
the sign S to the terms in the second 
member, it becomes applicable to any 
number of single loads. For uniform 
loads Wv — i and Wr per linear unit, we 
have only to place 
P,^i = to,.-id(kk-i)-'t0,-ilr-i^k 

And to replace the sign of summation 
:S by that of integration /. If these 
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loads extend over the entire spans l^ and 
2[ — i, we take the integrals between the 
limits k=0 and k=l, and have 

= ^ +~- 

which is the theorem as lirst announced 
by ClapoyrOE. 

For each support of a continuous 
0rder an equation may be therefore 
written involving the moment at that 
support, and those at the preceding and 
following support. In a girder of s 
apana there are s+1 supports, and since 
the moments at the first and last sup- 
ports are zero we have s— 1 moments, 
whose values may be found by the so- 
lution of the s—\ equations. The mo- 
ments give the shear at any support, and 
by (2) the internal forces or strains may 
be determined for every section of the 
girder. 

BKMAKK8 ON THB PRECEDING THEORY. 

The laws of the theory of continuity 
above deduced can be regarded as only ap- 
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proximnte. Of the three hypotheses iipon 
wliioh the difEei'ciitial equatioD of the 
elaatio line is deduced, the firet, although 
& moat i-easonable assumption, has not 
been definitely veiified by expei-lment, 
and the second is rendered somewhat 
doubtful by the extreme difficulty in 
delieato experiments of assigning the 
elastic limits. Nevertheless they are 
universally regarded by all writers as 
Bufficiently accurate to form the basis of 
a working theory, and must continue to 
be thus used until we attain to a moi-e 
thorough knowledge of matter and force. 
The third hypotiiesis, however, is a limi- 
tation of the data, which we are at per- 
fect liberty to make, since we know that 
the increase in length of the girder by 
deflection la too small to be practically 
measured. We may conclude then that 
the equation (1) is an extremely close 
approximation to the actual law govern- 
ing straight elastic beams. From the 
time of Navier to the present it has 
been so accepted and used. 

The next hypothesis or limitation of 
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datii, which we iiial;e, is that. E, the co- 
efficient of elasticity, is constant through- 
out the girder. In a solid beam of 
ordinary homogeneous material, there 
cau be no reason for supposing it other- 

In the JoimvA of the American So- 
ciety of Civil Engineers iar May, 1876, 
appeared an article by Charles Bender, 
0. E., in which the use of continuous 
bridges is strongly opposed. One of his 
main oljjections is-— that the theoiy upon 
which such bridges are computed is un- 
reliable in consequence of the assump- 
tion of a constant coeflicjejit of elasticity, 
and he quotes the records of experi- 
menters to show that values for the 
coefficient of iron and steel have been 
obeerved ranging from l'?,000,000 to 
40,000,000 pounds per pquare iucli. 
These iimiting values are, however, 
decidedly exceptional, bnt even grant- 
ing that such variations may exist 
in materials and forms like soft iron 
wire, steel rails and wrought iron eye- 
bare, it cannot be supposed that they 
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will occur in one and the same structure, 
■where the material is of one kind, of 
similar cross sections and which has 
been subjected in the same mill to the 
same process of manufacture. The mere 
statement that Morin has observed val- 
ues of the coefficient of elasticity as low 
as 17,000,000 baa very little weight when 
unaccom.panied by any reference to the 
kind of iron experimented upon. Let 
lis see what Morin himself actually says 
in recapitulating the results of experi- 
ments upon wrought iron.* 

"Iron of superior qucUiti/,-whidh comes 
from standard ores, and which has been 
manuf actui'ed. exclueively with oharooal, 
or ii-on from sheet metal, many times 
refined, may give for the ooeflicient of 
elasticity vaines ae high as E— 28,- 
400,000, or even E— 31,200,000 lbs. per 
square inch, equal to those fni-nished by 
ordinaiy steel lion of oi diiiari/ maim- 
factme leduced ^ith common toal, and 
drawn mto foime like i-uls, T irons. 
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flangea, etc, give such values as 
E = 24,100,000 and E = 25,600,000. 
Finally the most soft and ductile iron 
furnishes values as low as E=21, 300,000, 
or E=19,800,000, 01' even E=l 7,000,000. 
It is well, then, in calculations upon the 
strength of iron, to asceitain the quality 
of the material and the process of raanu- 
faotnre." 

Mr. JJender likewise alludes to ex- 
periments upon wrought iron bai's in 
which the coefficient of elasticity waa 
found to be 40,000,000, and it seems to 
be implied by his language that such 
vakies are of common oceurrence. The 
fact, however, that a standard writer on 
the strength of materials, like Monn, 
regards 34,000,000 aa an exceptionally 
high figure for iron, may justify ua in 
demanding that when a value like 
40,000,000 is quoted, we should be fur- 
nished with some details concerning the 
quality of such iron, the process, of 
manufacture, as well as a desciiption of 
the testing machine and the manner of 
measuring the small extensions or com- 
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pressions, from which the coefficient ia 
calculated, ov at least that we should be 
vefeiTed to the book or journal where 
suoh experiments are described. And 
further as it is well tnown that by strain- 
ing a bar beyond the elastic limits, very 
low values of E can be deduced, are we 
not justified in aeting similar informa- 
tion concerning experiments which fav- 
iiisb such values? 

Undoubtedly there is some variation 
ill the elasticity of different pieces of 
iron, even when great care has been 
taken to ensure uniformity of material 
and manufiioture, and it is greatly to be 
desired that experiments ahoaldbemade 
to determine how it varies with the 
cross section and length of the piece. 
As soon as such a law of variation is 
discovered (if any exist), we shall be 
obliged to consider E as variable in in- 
vestigating a continuous trass. But if 
no law exists and we know only the fact 
that tliere are slight variations in the 
elasticity of different pieces in the same 
tiiiss, what is to be done ? Nothing but 
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to regard E as oonstant, being well 
assured that the distribution of tlie 
variable pieces throughout the structure 
will he governed by the law of proba- 
bility, and tliat hentio the girder as a 
whole will conform closely to the 
theoretic form of the elastic line. 

The nest argument which it is our 
duty to criticise in that article is, that 
the theoiy of oontinnoua girders ia un- 
reliable, because the oalcnlated deflection 
does not generally agree with the 
actually measured deflection. The ac- 
curacy of the compTited strains must 
depend upon the accuracy of the 
theorem of three momenta, and this it is 
asserted depends upon the calculated 
deflection. And because the deflection 
as actually measured is gometimes no 
more than one-half of the calculated 
one, hence, it is said, the same differences 
may occur in the sti'aina, and the whole 
theory is unworthy of consideration. 

This we can only regard as a striking 
instance of the incompetency of prac- 
tical tnen to draw, conclusions from even 
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simple experimenta. The reader who 
bas followed onr presentation of the 
theory o£ the elastic line, will see at 
once that the value of the deflection 
given by (B) only enters the discussion 
aa an auxiliary for finding (6), the 
tangent of the inclination angle at the 
suppoi-t. Thcj process supposes, indeed, 
that E is constant, but it svipposea noth- 
ing whatevei' concerning the value of 
the deflection at any point. When we 
pass to the next span and find again in 
(7) a second value of the tangent, the 
actual value of the deflection there is 
likewise not considered. And when by 
the corabiuatiou of (6) aad (T), wo de- 
duce (S) in which E does not appear, its 
very absence is a proof that the moments 
and hence the strains aw- entirely in- 
dependent of its value or of the actual 
deflection. If two trusses of the same 
spans, height and form are continuous 
over several supports, one of steel hav- 
ing a coefticient of elasticity of 31,000,0(10 
lbs. per square inch, and the other of 
wood having a coefSoient of only one- 
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twefltietli as rauob, the reactions, shears, 
jHoments aad ati-aiiis ■would be the same 
in each. The measurement of the actual 
deflections of these bridges under given 
loads is only useful for determining and 
comparing their stiffness or elasticity, or 
in connection with theoiy for finding the 
vRluee of E and I. The theory of con- 
tinuity rests not upon absolute deflec- 
tions, but on relative ones— on the form 
of the elastic curve, and this agflin upon 
the three universally accepted hypotheses 
included in our equation (l), ivitb the 
additional assumption that the coefficient 
of elasticity is practically constant. 

One more i-emai'k and we cloae foi" to- 
day a discussion which shall be resumed 
in our next chapter. Mr, Bender adviaee 
ue to abandon the theory of flexure, to 
make no further advauce in bridge 
building, to remain content with the 
simple lever, or at the utmost with the 
continuous (ss'c) patent hinged truss. 
But until such advice is enforced by 
more logical arguments than we have 
yet seen, we must continue our work 
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in support of a theory and system 
which is universally accepted aa only 
slightly deviating from the esaet ex- 
isting conditions, which is applied in 
the erection of continuous bridges by 
every nation except our own, and which 
perhaps if carried out by us might lead 
to more perfect structures than the 
world lias yet seen. The great majority 
of coefficients of elasticity quoted in his 
paper, made by such men as Staudinger, 
Baker, Morin and WShler, were in fact 
found iy measuring the dictions of 
beams, and thsn JVom the theory of 
fieoMre eompitiing the value of E. He 
aooepts those values, and on their evi- 
dence condemns the theory by which 
they were deduced 1 Is not Morin's 
conclusion, which we have quoted above, 
by far the jiiost reasonable ? 



The theorem of three moments given 
by (8) furnishes the means of finding the 
moments at the supports due to any as- 
signed system of loading. The actual 
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solution of those equations is, however, 
quite tedious wlien the immber of spans 
is large, and we proceed therefore to de- 
velop a general solution, by which the 
values of the moments maybe formulated 
and placed in a convenient form for an- 
merical computation. 

In the designing of continuous bridges 
it is only necessary to consider single 
loads concentrated at the panel apices or 
uniform loads extending over an entire 
span. Let ns, then, consider a continu- 
ous girder of constant cross-section and 
homogeneous material whose supports 
are on the same level. Let, as in Fig. 
6, the supports beginning at the left 
hand end be designated by the indices 1, 
2, .3, ... . /, etc, and the lengths of the 
spans l^, l„ \, l„ etc. Call the num- 
ber of spans sy then the last span will 
be l„ and the last support s-M. The 
ends of the girders rest upon abutments 
in the usual manner, the lengths of the 
spans may be all different and their 
number may range from one to infinity. 
In the span 4 let a single load P be 
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placed at a distance Ts l, from the sup- 
port r, (/e being any fraction less than 



"^"'ty)! or let this span be loaded uni- 
formly from )' to r-\- 1 with a weight W, 
(W being equal to w J„ if w is the load 
per linear unit), all the other spans be- 
ing unloaded. By reference to (3) we 
notice that there ai-e two functions of 
such loads which enter the equations of 
moments. If the single load P is alone 
considered these functions are 

the fii'wt entering into the e<jii;ition for 
the preceding support »■, and the second 
into the one for the following support 
r+1. If the uniform load ovei' the whole 
span is alone considered, these become 
caob equal to JW^, as we have shown 
above in discussing the theorem of three 
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moments. In the following investiga- 
tion, we place therefore for abbreviation 

A=P^(2;fc--SF+^') ) forasingle 
B=P ^ ih-h') ] load in span I. 

(I) 
A=JW^ J for a uniform load over 
B=:J W?J f whole span /,. 

By introducing the letters A and B to 
represent these fuootious, onr discussion 
will apply equally well to a single load 
P, or to a weight W unifornaly dietribnt- 
ed over the whole of a single span. 

Since the girder is not fastened at the 
abutmente 1 and a + 1, the monaents at 
those points will be zero. The moments 
at 2, 3, . . . . «■, etc., we designate by Mj, 
Mj, .... Mr, etc., and from (8) we may 
write an equation for each of those sup- 
poi-ts. As there is no load considered 
except on the span l„ the right hand 
member of the equation for the support 
j-will be A, of that fov r + l will be B 
and of all the others will be zero. Thus 
we have the following equations : 
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-(■Me4_i^0 
M«-i;s_i+2M, (4_i+4) =0 

The (lumber of these equationa is s~i, 
the same as the number of uiikuown mo- 
ments. Their solution is test effected 
by the method of indeterminate multi- 
pliers. Let then the first equation be 
multiplied by a number c^, the second 
by c„ etc., the index of the as yet iude- 
tevmiiiate numbers corresponding with 
that of the M in the middle term. Then 
let all the equations, thus multiplied, be 
added, and the resulting equation be ar- 
ranged according to, the coefficients of 
the unknown moments M^, M,, etc. Now, 
if we require that such relations .exist 
between the multipliers, that all the 
terms in the first member shall reduce to 
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aero, except the last contain iisg Jlg^ tli<' 
value of Mb is 

Ac^ + Bcr + i 

And the values of the multiiiliers will 
be given by the equations 

etc., etc 

After dedtioing the values of e from 
these equations, the value Mg is at once 
known. 

Again, if we multiply the equations of 
moments, beginning with the last, by the 
indeterminate numbers c?^, d^, etc., ull the 
moments except M^ may be eliminated, 
and we have 

and the multipliers will be given by the 
equations 

dJ^-.i + 2d^{is^t + ls-2)+d,h-i=0 
etc., etc., etc. 



1, Google 



74 

The vfihics f-f the mimliers in the scries 
C and d neetl only satisfy tlie equaliona 
as given above. Assuming then c,=l, 
and (/g—I, ive get the following : 



(II) e.= -2c,-(20, + O;^ 

ri, =; - 2 (/^ - (2 rf, + (Q p^ 
(Z^= — 2(-7,-(2rf, + i:0 ^^^ 
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whicb reduce to mimencal form as eoon 
as the leiigtlis of tbe spnns for any par- 
tioiilar case aro substituted. 

Since the s— 1 equations of moments 
are of the same form as the equations of 
the multipliers e and d, ivo must have 
M,^<3,M„ M,:=c, M„ etc., 
l,U-i=d, Mg, Ma_a=f/,MB, etc., 
or, if n indicate the index of any sup- 
port, 

Mn — ("nM, when ?i<!' + l 
Mn = <:?B— n+a ^ffl, when n>r 
Inserting in these the values of M, and 
Ma as found above, we have 

""- "il^^^l^ + 'idAh + h) ' 

(Til) when n<r+l 

Acr + TiCr + l 



M„ = 



when »>J 



which give the vahies of the momenta at 
alt snpports in terms of the quantities A 
and B, depending only upon the charac- 
ter of the load and its position iu the 
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span 4, and t'le numbers e and «?d 
iiig only upon the lengths and number 
of the spans of the girder.* To find 
their numerical value for any given case 
is hence a simple aiitlinieueal exercise. 

.£teampfel. — A continnous girder has 
four unequal spans, ?,=:80 ft.,?j=:100ft., 
^3=50 ft., and ;,~40 ft. (Let the reader 
draw the figure). On the span l^ is a 
single load P=IO tons, whose distance 
from the support 2 is ,(;?^=40ft. To 
find the moments at the supports. 

Since ^/,=40, and ^^=100, we have 
i— 0.4. Inserting then in (I), the values 
of Jc, l^ and P, we find , 
A=:3S4C0 tons ft. B=330OO tons ft. 



Inserting next the 


lengths of tlio spans 


in (II), we hav<i 




!:,=0 


(!=0 


"s— 1 


<l~i 


c,=-D.6 


f4=-3.fi 


c, = lD.6 


d,-lO.-d 


•latbe LanSon Phii'-enpMcal J/u^sine for September, 
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Since the loncl is in the seconil span r=2, 
also s=4; lience f('s-r+3='^,= l0-^, Ct = 
c,=:l, etc., and ls_t^l,=5(i, etc. By 
inserting these values of c, d, I, A and B 
in (III), we obtaiu 

M„= 82.01 Cn, when«<3 
Mn= — 2i.(iS (/fl^u, when «>2 

For the abutment ov left hand sujiport, 
we liavG n=l, c=% and henco B[,=0, 
for the second support, «= 2, Cj=l, and 
M,= 82.01 tons ft. For the third sup- 
port, n=3, (?6-n=— 3.6, and M,= 8S.56 
tons ft. For (lie next, n=4, (/e— n='i 
and Mj^ — 24.05 tons ft. Lastly,forthe 
right hand abutment, n=b, and M,=0. 
A positive moment, it wi!l be i-emember- 
ed, causes tension in the upper diord of 
a truss, wbile a negative moment causea 
tbe rev^ree. 

2. A girder of four eijiial spans has a 
load P at any point on ttio first span. 
Find the moiiient at each pier due to P. 

Am. M,=i§P/(^-r), etc. 
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8HEAKS AfTD REACTIONS AT T!IE iiUl'POETS. 

It ia thus easy fi'om (I), (11) and (III) 
to find the moments at all supports duo 
either to single concentrated loads or to 
a uniform load over an entire span, and 
these are the only two kinds of loading 
■whiuli we need to consider in designing 
a continuous bridge. We next need the 
shear Su at the right of any support due 
to these same loads. 

In computing strains in a continuous 
truss we tal;e up each span separately. 
The index n refei-s always to the particu- 
lar span under consideration, while the 
index r referring to tlie span in wliioh 
the load is for the moment considered, 
may be less than, equal to or greater 
than n. For single loads the shear Sr is 
given directly by (3), for a uniform load 
P(1~A) in that expression becomes | to/,, 
while for an unloaded span those terms 
Thus we have 
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Sii —- '""" , when «>r, or n<,T, 

for the shear in the spatj l-a infinitely 
near to the support )*, 

The shear in the span /n at a point in- 
finitely near to the n->r\^ support is 
called S'n (see Fig. 3). For Us values 
Tve deduce 

SV = MLiLp^ + P/,,forFis.O. 



Sii=; ...... r . ^for ?!>)■, or n<r. 

The reaction Kq at any support n is 
eyidently the Rum of the shear Sq in the 
span ?n ; a.tid of the shear S'n_i in the 
span ?n— 1 or for all eases 

Rn=Sfl + S'„_i. 

Example. — A girder of four eqnnl 
spans has a single lond P at the center of 
the third span from the left end. Find 
the reaction at the third support, 

Ans. E.=^IP. 
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8[I1EA.R AND MOHEST AT a:^T 

These are given directly by tlie sim- 
ple ooiiditioiis of etailo equilibrium. 
For a singlB load we have from (2), (see 
Figs. 5 and G), 

S = Sr — P, for a section between 

(V) Paiidf + 1 
S=Si,, for any other section. 

as expressing the Internal shear for any 
section x (see Figs. 5 and 6). 
Also, we have 
M=Mr ~ Sf x-hP {x-Tcl^, between 

(VI) Pandr + 1 
M=Mn — SnO^, for any other section, 

for the internal moment for any section 
SB in a epaneitheriinloaded or containing 
the weight P. Similar expressions may 
be also written as in Chapter I, if the 
load be talien as nniformly distributed. 
Example. — A girder of thi-ee equal 
spans has a loiid P at the center of the 
first spans. What is the shear and mo- 
ment at the center of the middle span ? 
Ana. S=iP, M=APi 
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MAXIMUM SHEAKS AMD MOMENTS. 

The formulae (I) to (VI) inclusive are 
Buffioient in connection with an avithraeti- 
oal process of tabulation to determine 
the maximum strains in all the pieces of 
a properly designed continuous tmss. 
Having for instance to calculate the span 
Id, T\"e 'may take at every panel apex 
throughout the bridge a single load P, 
and compute the shear and moment at 
am/ section due to every possible posi- 
tion of P. These arranged in a table, 
afford a clear view of the distribution of 
loading giving the maxima ; the great- 
est positive shear, for exam.ple, occurring 
when the live load covers those portions 
of the bridge which furnish plus values 
of S, while at the same tim3, it is absent 
fi-ora those portions giving minus values 
of S. Adding then all the plus values 
thus found, the maximum ia determined 
by combination with that due to the al- 
ways existing dead load. 

It is therefore not absolutely neces- 
sary that the engineer should be ac- 
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quainted with the theory of the distri- 
buiioiiof loading giving rise to the m.ixi- 
mum sti'uins in the various pieces of the 
truss. As such a knowledge, however, 
is of great assistance in cheuliing tlie ac- 
curacy of the calculation, we shall here 
Btato without demonstration the cases 
ander which sirch maxima and miiiima 

First the shear ; fronn this we obtain 
the sti'ains in the webbing by the simple 
multiplication by a constant, a positive 
shear producing tension in a diagonal 
which slopes upward toward the left 
hand support. The maximum positive 
shear in ihe span ^nat the section whose 
distance from the suppoi-t n is x, occurs 
under a distribution of loading such as 
is j-epresented in Fig. 7, in which the 
shaded portions denote the live or rolling 
load. From this we see that the nearest 
span on the left and each alteniate one 
Fig. 7. 

-llt-r 
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are covered witli the live lond ; that 
from llie section a; to llie support n + 1 
tiio livo load exleiida ; and that tlie sec- 
ond span ontlie riylit and eadi alternate 
one are also covered wUli tlie live load ; 
all other portions being subjected only 
to the dead or actual load of the truss. 
The miniranm positive, or, what is the 
same thing, the maximum negative shear 
obtains under exactly reverse conditions, 
the loaded portions in Fig. 7 being un- 
loaded, while the empty ones i-eccive the 
live load. Let the reader draw a figure 
for this ease, and imagine the section x 



Next the 

tain the chord straiiisby dividing by the 
constant dc'iith of the truss, a positive 
moment producing tension iu the upper 
chord. Here the maximum positive mo- 
ment in the span l„, occurs near the sup- 
port n under a distribution of loading 
litte that represented in the first iltu.^tra- 
tion of Fig. 8, near the middle of the 
span as in the setond and near the sup- 
port »-|-l as in the last. Fig, 8 repre- 
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bcntt one xiij the sime bs'im i^ith the 
c Lses cf loidiiig ciusing ma\iiiiiim i osi 
tive moments at thiee diffeient Rectiona 
m the spin lo thefiist a section between 
n ami ^ point *, the seooml between z 
and! anil the third between I anrlH + l 
These points i and 8 aie cillecl fis-ed iic 
fltctton pomli and thev enjov the pio 
p(iU f h It li! Io^lIi on the 4 in:i to the 

Fi 5 



^__r^^i: 



..^.^^^IZl^^ 



right of ?n pioduce no moment it i 
while ill iDid on the spans to the left 
of ^n piDcluce no moment at ? Ihe 
po&itioii of these points depend only up 
on the lengths and number of the spans 
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of the girder, or upon the numbera c and 
d given by (11). If the distiince from n 
to '(' be denoted by i, and that from n to 
i' by i', the following simple foiinulie 

■ _ Cn?n 

Cu — Cu + l 



will give the position of the fixed inflec- 
tion points in any span l^. 

In order to rendei' these distributions 
of load clear, let us imagioe the sec- 
tion X to move from the support n to 
n+1. When the section is at n the live 
load covers the whole span la to render 
the moment at a; a maximum, as X 
passes toward i the load recedes rapidly 
toward n+1, until when x reaches i the 
span la becomes empty, and the loads 
on the following spans shift as shown in 
Fig, 8. As X passes from i tp i' the 
span la remains empty as in the second 
sketch aud when it reaches i' the loads 
on the preceding spans shift. As soon 
as X passes i' the load begins to come on 
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at n, which rapidly increases !is so moves, 
until it covers the whole span when a; 
coincides witli tt + l, 

'i'he arrangements of loading for cans- 
ing the maximum negative moment in 
any section depend likewise npon the 
position of that section with reference to 
the lixed iutiection points, and are in all 
cases exactly the reverse of those for ihe 
positive moment- 
It will he seen, then, thnt the maxi- 
mitm moments hetween the supports and 
the fixed inflection points cannot be de- 
termined by cases of loading, for such 
cases are different for every section. In 
a girder of two equal spans for example, 
one of these points in each span coin- 
cides with the abutments, the Others are 
at one-fifth the length of the span from 
the pier. Between those points the 
maximum strains are not to bo found by 
parabolic curves of moments drawn from 
a few assumed arrangements of loading. 
Here have some late writers fallen into 
grave erroi-. 
The above completes, what seems to 
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na a simple presentntion of the theory ot 
the coil tiiin oils gu'tler of constnnt croaa- 
Bection. We have diwonnectetl it en- 
tirely from the properties of the simple 
girdcii', have avoided tlie use of artificial 
angles and couples, parabolic moment 
and shear car vep, static and elastiu reac- 
tions and other paraphernalia which are 
too often introduced to complicate the 
subject. The formulae (1) to (VI) which 
may he written on a page of the engi- 
neer's note book include indeed the 
■whole theory, and are sufficient for the 
determination of the maximum strains in 
a continuous truss of any num.ber or 
lengths of spans. 
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CHAPTETi nr. 

We will now apply the above theory 
to the pmctical calculation of the strains 
in a continuous Iniss, and to show the 
perfect generality of our methocl we will 
take one otjtve unequal spans. 

Fig. 9 shows the relative lengths of 
the several spans, each support and span 
receiving an index according to the no- 
tation previously adopted. The first 
span I, has a length of 10 feet, the 
Fig. 9. 

> 2 3 V 5 (> 

second l^ of 100 feet, the third I, of 
80 feet, the fonrth I, of 120 feet and 
the last l^ of 90 feet. This girder ia 
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to te subject to a live load of 0.8 tons 
per linear foot per tviiss ; the deafi 
load we eslimnte at 0.6 tons per 
linear foot per truss. It is divided 
into panels of ten feet each and ita 
heiglit is also ten feet, the webbing being 
a simple series of isosceles triiinglee as 
shown in Fig. 10, wliieh- represents the 

Fig. 10. 



-J tf Hi iP, IR, fe'^ljJ.H 

span /, enlarged. The live load is ap- 
plied at the piinel points on the lower 
chord. It is required to calculate the 
maximum strains in all the pieeea of the 
span l^ due to the above live and dead 
loads. 

We take up first the live load of 0,8 
tons per linear foot, or eight tons per 
panel. Since every load in the span l^ 
affects every acetion in l^ in a similar 
•, may, instead of considering 
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the Beparnte panel loads on /„ take them 
as uniformly distributed iti the prelimi- 
nary ^ determination of the shear and 
moment ut 3. (The load of eight tons at 
the points 1, 2, S, etc., give reaetions 
only at those points, and cannot aifect 
the span /,). On the span Z, there are 
seven panels and six apices, hence the 
live load in that span is W,=6XS=48 
tons. In the same way we have on the 
spans l^, /, and /„ to consider the live 
loads applied at the panel apices as uni- 
formly distributed over the spans; but in 
the span ?, we must consider each panel 
load separately, since different arrange- 
ments of those loads give maxima for 
different sections. Thus we have 



On \, the load W,=48 tons, 
On l^, the load W,-72 tons, 
On l^, the loads P„ P„ P„ etc., 

(see Fig. 10) each equal to 8 tonsj 
On ;„ the load W^=88 tons, 
On („ the load Vf=U tons. 

e now turn to formulae (!) of the 
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preceding chapter, and determine the 
quantities A and B due to each of these 
loads. For that on /, ive have, for ex- 
ample, W,=48, r,=4900, hence A=B 
=58800. For P, we have P=8, /',= 
8400, A=J, hence A= 10500, aod B= 
6300 ; in iike manner, for P„ P„etc., we 
place &=% k=^, etc., and find for each 
a value of A and B. Thus we have for 
the several loads : 



For \y„ 


A=B= 5 


8800 


For W„ 


A=:B=180000 


For P„ 


A=: 10500 


B- 6300 


For P„ 


A=I6800 


B= 12000 


For P,, 


A= 19500 


B=16500 


For P„ 


A= 19200 


B- 19200 


For P„ 


A= 16500 


B=19500 


For P„ 


A=S2000 


B— 16B00 


For P„ 


A= 6300 


B=10500 


For W., 


A=B=316SO0 


For W„ 


A-B-L29600 



We next turn to formulae {II), and sub- 
stitute Uie lengths /,='!0, /,=:100, etc., 
and thus obtain 
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,=-3.4 


d,=- 


,= U.05 


d = 


,=-44.567 


*?.= - 



as the values of the mnltiplioi-s c nnd d 
for the case under consideration. 

We are now able lo find from (III) 
the moments M, and M, at the supports 
3 and 4 foi' each of the above loads. 
Since there are five epans, s=5, rf,= 
— 54. 8, e^o _ 1= 1 C, etc. ; substituting these 
ia (III), we have 

Mn = — c„ - -^~.-:r, ! when n <f + 2 

M.= -rf._„ ^,^33-" , when n>r 

n being any index (in our case either 3 
or 4), and r the index of that span, 
wliicli, for the moment, we regai-d as 
loaded. Taking the load on the first 
span, we have r=.\, find since n~>r, wo 
use on!y tl:e second of the above formu- 
lae, which becomes 
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Mn= -f^T-u^^^-T- = -3.452 d-i^r. 

Sulistitntmg in this «=3 and k=4, and 
we have 

M,— — 3.452 (1G) = — 55.23 tons ft. 
M^= — 3.452 ( — 3.5) = 12.03 tons ft. 
Taking tlie loiid in the second span, we 
have r~2, and 

in which, by making n=S and n~4, we 
get the values of M, and M,, 

For the single loads on the span i^, we 
must use the first of formulae {III} to 
obtain M„ and the second to obtain M,. 
Making then r=3, we have, 
AdM^ cj 3.4 
' ''" 170^2 17C32 

(i6A~3.5B) 
.5 
17033 ^17032 

(— 3.4A + 14.05 B) 
ing in these the values of A 
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and B, as given above, we iiiitl the mo- 
menta at 3 and 4 from eaoh of the loads 
from P| to P,, For the load on the 
fonrth span, we make r=i; for that on 
the fifth span, r=b; and the first of for- 
mulae (III) give tbe moments. Tiius, by 
very simple aiithmetical work, we obtain 
the moments M, and M, dtie to cacli of 
the single loads in I,, and each of the 
uniform loads in tjie exterior spans, and 
arrange them in the second and thh'd 
columns of the following table : 




The last < 
gives the sh 



! tabic, wliich 
I span I. at a 
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point infinitely near to the support a, is 
found from the quantities M^ and M, by 
means of formulae (IV). Tlie load W,, 
for example^ gives a positive moment of 
405.82 tons ft. at 3, and a negative one 
of S8.77 tons ft. at 4. From tlie last 
formula of (IV), we have then 

S,^ll»£:^t^!:l! = 6.182ton.. 

Also for the load P^ on the .span /^, wfc 
have P=S, /c=%, and from tlie first for- 
mulae of (IV) 



and in the same way the other shears in 
tiio last column are computed. All of 
these refer, of (iourse, only to the live 
load of eight tone per panel. 

We are now ready to proceed with the 
computation of the maximum strains in 
the span I,. And first we take up the 
webbing. 

The masimnm strain in .any diagonal 
in Fig. 10, is equal to the maximum 
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dhe&v for that seclion multiplied hy the 
secant of the angle between the cliagoiial 
and !i vertical. We pvoceecl first to find 
the maximum sheai'9. 

The shear at any section due to the 
dead load is constant, increases or de- 
crefises as the live load cornea upon the 
bridge, and becomes a maxiinnra or 
miniiiivim under certnin particular distri- 
butions of loading. To determine these 
it is only necessary to tabulate the shear 
due to each separate load. This is easily 
done from the values of S, and the 
formulae (V). In the following lalilethe 
veilical column headed aBh includes the 
shearawhich may act upon the dingonals 
a B and B i, bCc those for 6 G niid O c, 
etc. The honzontid column iiuml'ered 1 
gives then tlie sheai-s at every section 
(jae to the live loads ; the load W, for 
ex.ample producing a negative shear of 
0.84 tous in every panel or S=S„ the 
load P, giving in the three panels on its 
left 8 = 8,= +5,21 tons and in the five 
onitsrightS-S,~P=+5.21— 8=— 2.79 
tons. A mere inspection of this table 
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Bhowe tlie distribution of iive load caus- 
ing the inaximum or minimum shear in 
any section. Thus for ilie panel rfEe 
the maximum occurs wlien lliose loads 
giving positive shears are present-, 
namely, W„ P„ P„ P„, P,. and W„ .ind 
when all the othvrs are absent, and the 
minimum oucwrs when only those giving 
negative shears are on the bridge. If 
then we add all the positive qnnntitiea 
in 1 and likewise ali tlie negative ones 
and place the results in the horizontal 
column 2, %ve bave for the panel </Ee, 
+ 17.52 tons and —16.24 tons as the 
greatest and least shears which can occur 
in ihat panel due to the live load, and 
these need only to be comhined with the 
shear due to the dead load to obtain the 
absolute maximum and minimum. 

If the dead load be regarded like the 
live load as concentrated at the panel 
points on the lower chord, its effect will 
be a fractional part of that of the live 
con side red as uniformly distributed. 
Adding algebraically the quantities in 2 
we have in 3 the sheara produced by a 
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Qiiiformly distributed live load of eight: 
tons per panel, since tliis is tlie same as 
taking tbe aU'.ebraiosum of all the quan- 
tities in 1. The live load if extending 
over the whole bridge will then produce 
in rfEe a shear of +1.28 tons, and since 
the actuiil dead load is three-fonrths of 
the live, the dead load must produce in 
th;it panel a shear equal to I X 1.28 
= 0.96 tons. Taking then three-fourths 
of the quantities in the horizontal col- 
umn 3 we have in 4 the shears due to 
the dead load of six tons per panel. 

The shears in 4 always mnst exist, 
while those in 2 map exist under certain 
posidons of the live load. Tlie ahsolute 
maxima arc therefore found ty adding 
aigolivaically tiie quaniiiies in those two 
hoiizontal rows. Thus forc^Ee, +0.S8 
always obtains, and if +17.52 also oc- 
curs their Bum +18,48 is the positive 
maximum shear; and if —16.24 occurs, 
+ 0.96 —16.24= — 15.28 is the minimum 
or negative m.aximum. Placing these 
results in column 5 we have the required 
maximum eheara in every sectiou of the 
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span uinler consideration. If the dead 
load shear in 4 is greater than the live 
load shear of opposite sign in 2 only one 
kind of shear can prevail ; thus in dOc 
the greatest possiUe value is +12.96 
+ 29.01 = + 41.97 to(!f!, the least possible 
is +12.66 — ll-TS = + 1.23 tons and the 
diagonals b C and C c will be subject to 
only one kind of strain. In the case be- 
fore ua three panels did, d'Ee and 
eYf have both a positive and negative 
maximum and the diagonals in those 
panels may be sabject to either tension 
or compression. 

The maximum sheai-s in 5 multiplied 
by sec. 6, or the secant of the inclination 
of diagonal to vertical give the maximum 
Btrains, tension of the diagonal slopes up- 
ward toward the left hand support, com- 
pression if it slopea downward. The 
depth of the truss being ten feet and the 
half panel length 5 feet, see. 6 is 1.118. 
"We have then the following table of 
maximum strains in the 
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-1-33. a 


r —7.3 










+38.3 




P« 


r -0.4 


F/ 


—38.3 


r -1-0.4 




4-411-^ 






— 40.S 





in wliidi + denotes tension and — com- 
pression. 

In LliG same manner we may tabulate 
the moments at every sectiim due to 
eacli load and deduce the maximum 
chord strains. For the upper eliord 
panels A B, B C, C D, etc., the centera 
of moments are at the opposite vertices 
a, b, 0, etc., and hence in formulae (VI) 
■we must take 0, 10, '20, etc., as the suc- 
cessive values of x. To find the moment 
for CD due to the load W, on the 
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epan l^, we hnve only to insert a;=20, 
niifl th(? values of Mj and S, as fonnd 
above for tii:it load (soe Fig. 10), giving 
M = —50.23— (~0.S41X20) 

^ — 38.41 tons ft. 



tho negative sign 
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M = 31.19— ^7.254X20+8X10 
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The lioi'lKontal column ! of this table 
shows at a glance the distiibiitioii of live 
load giving the maximum strain in any 
bay: in tbe bny BC for instance the 
loads Wj W, and P^ to P, inclusive 
produce positive moments, and hence 
the greatest tensile strain obtains when 
those loads are on the bridge and all 
othere arc absent, while the least tensile 
strain in B occurs when W., W„ P„ P, 
and Pj are present and the others ab- 
sent. Adding separately therefore these 
positive and negative moments, we have 
in 2, the greatest and least moments for 
every bay due to the live load. Adding 
those algebraically and we have in 3 the 
moments when the live load covers the 
entire bridge ; taking three-fottvlba of 
the quantities in 3 we have in 4 the mo- 
ments due to the actual dead load. 
Lastly combining the moments in 4 which 
always musi exist with those in 2 which 
map exist, we get in 5 the absolute 
maxima and minima. For examjjle, in 
CD we have due to the live load the 
momenta -1-327.0 and —281.3, the sum 
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of these or +45.7 is tbe moment wlien 
tiie live loiitl extends over the whole 
givder, tliree-fourthn of thia or +34.2 is 
tlie valne due to the actual dead load, 
and finally 

+ U.2 + 321.0= + 361.2 tons ft. 

+ 34.2-281.3^—247.1 tons ft. 

are the maxiraviin positive and negative 
moments, CD may then be subject to 
two kinds of strain. 

Dividing these results by the depth of 
tlie tiniPB and remembering that a posi- 
tive moment causes tension in the upper 
chord, we have the maximum stmine for 
the 



Upper Chord. 
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Fi-om this we see that the whole upper 
chord iiiiiy iinrler certain positions of the 
rolling load be nuUject to tension. This 
is due to the short length of the span 
compared with the adjacent ones. 

The calculation of tho maxiiniim 
strains in the lower chord is entirely 
similar, the centers of momenta being at 
the opposite vertices IJ, C, D, etc., and 
the corresponding values of tc being 5, 
16, 25, etc. We leave therefore as an 
exercise for the Btndont the formation of 
the tabulation, merely giving the results 
to which it will lead, via. 

LowF.R CiroiiD. (ScG Fig. 10.) 



ab 


— 7f> 9 tons 


be 


~4l'4 


cd 


— 34.7 or +34.6 tons 

— 84.7 or --47 8 


de 


ef 


— 40.7 or -1-47.1 


fs 


— r,lM or +tii.O 


</h 




h/c 


-137.9 



The strain sheet for the span I, {Fig.9) 
s now finished, and in a similar way 
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each of tlio other r-p;ins may be compat- 
ed. The method wo have presented is 
entirely general and applicable to any 
Dumljer of contiunous ppanSj whether 
equal or unequal. In each case we take 
the load in the exterior spans as uniform 
and that in the span ntider consideration 
ae applied at the panel apices, and find 
for each the quantities A and B fi'om (I) 
and from the lengths of the spans we 
find by (II) the multipliers c and d. 
These enable us to deduce from (III) 
the moments at the supports due to each 
load, from which (IV) give vie the shear. 
It is only in this preliminary computation 
of moments and shears that the calcula- 
tion of continuovis girders diifors fi-om 
that of ovflinai'y simple trusses. In the 
latter the moments at the ends are known 
to he zero, and the shears coincide with 
the reactions which are found from the 
law of the lever. The simple truss is 
thus hut apaitieularcase of the continn- 
ons one as may bo readily seen by plaeing 
8=^\ in our formulae (I) to (IV). In an 
ewd span of a continuona truss the mo- 
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ment at tlie abutment is also zero anrl 
the eheai' is the same as the reaction.* 



This is one of the most common cases. 
Making iu {II) all the I's equal, we have 



c_,=d^= 15 

o^~d^=i 209, etc., 
■which are the ■well-known Clapeyronian 
numbers first deduced by the discoverer 
of the theorem of three moments. f Each 
of these numbers is equal to four times 
the preceding one leas the one next pre- 
ceding, and their signs are alternately 
positive and negative. They are here 
seen to be a particular case of our gener- 
al formulae (II). 

* For 611 example of tlie computation of a conOnuous 
truBB of two apaua, see Van NoBtraud's Engineering 
Xagasitie fer July, 187S. 

t Bee Comptes Bendita, 18B1, p. 1076. 
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GIKDERS WITH Sl'MMETHICAL SPANS. 

If the two end spans of the bridge are 
each equal to 01 and the others each 
equal to I, the multipliers e and d become 
also equal. Their values are 
c^=d^= 

c^=d^=~ 2 — 2/3 

o^=d,= 1 + S 13 

Cj=rfj=— 28 — 30/3 

c,=(?,= 97 + 112 p, etc., 
each being equal to four times the pre- 
ceding one less the one preceding that. 
Having established the value of /3 (usual- 
ly taken at about 0.8) these j'eduoe at 
once to numerical form. If /3 be unity 
the spans become all equal and the mul- 
tipliers reduce to the Clapeyroiiian num- 
bers. 

Meample. — A girder of four spans has 
a single toad P in the second span at a 
distance kl from the second support; 
the two end spans being equal to 0.8/ 
and the centi-al ones to I. Find the mo- 
ment at the second support. 
Ans. M^=P/(0.52^— 0.901 k' + 0.38W) 
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COSBTANT AND VATIIABT.B CKOSS SECTION. 

Having computed tlie maximum strains 
in a continuous truss, we choose for the 
various pieces cross sections of an ai^ea 
and form sufficient to resist those strains, 
thus making the girder one of uniform 
strength. The theory by which we have 
computed the strains supposes however 
that the cross section of the girder is 
constant. The question now arises what 
error is introduced by this hypothesis. 

As we have been nnable to present in 
the short limits of this paper the theory 
of the continuous girder with variable 
cross section, we cannot place before the 
reader a mathematical comparison of the 
two cases, and are hence obliged to re- 
ly on the computations of otHei's and on 
general considerations. 

Computations of strains in continuous 
girders have been made by Eresse, Mohr, 
Wintler, Weyrauch and others, consid- 
ering the cross section both constant and 
variable. The general conclusion to be 
derived from their investigations is, that 
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the maximum moments over the supports 
are greater, when the variable cross sec- 
tion is taken into account, but rarely 
more than six per cent, that the maximum 
moments near the centers of the spans 
are generally slightly leas, and that the 
shearing forces do not sensibly difEer," 
For example, in a truss of two equal 
spans, the masimum moment at the pier 
is 0.125 wP for constant cross section 
and 0.133 ?«f for variable ; the maximum 
negative moment is 0.070 -lof for constant 
and 0.067 w P for variable, and the reac- 
tions of the pier ai-e 1.250 w I and 1.266 
w/ respectively. 

If then we compute continuous trussea 
as if they were of constant cross section, 
we are liable to slight errors in the chord 
strains. These strains are however com- 
puted on the assumption of a distribution 
of live load which can never occur in 
practice, and in proportioning the sec- 
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tions to those strains a factor of safety 
involving five or six-fold security is in- 
troduced. Considering then that it 
must be almost impossible for the live 
load to be arranged on the bridge as 
Fig, 8 represents, we may be well as- 
sured that our computations on the hy- 
pothesis of constant moment of inertia 
give greater strains than can ever obtain. 
After having computed on both hypo- 
theses a girder with four spans, two of 
sixty-five meters in length and two of 
fifty-two meters, Weyrauch says ; " We 
are now able to answer the question, 
whether it is allowable to caloula,te con- 
tinuous girders with variable cross sec- 
tion by the formulae for constant cross 
section, in the affirmative. The maxi- 
mum momenta arising from the two cal- 
culations differ but slightly. In our ex- 
ample, where the cross sections vary be- 
tween 1 and 2i, the greatest difEerence 
was 6 per cent, the next following only 
2.7 per cent. Theshearsohange scarcely 
at all. Only for bridges with extremely 
long spans, is it desirable to make a sec- 
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•nd computation on account of ■ 
ii'OBS section." 



LEVELS OV SUPPORTS. 

In Chapter I we alluded to the fact 
that small changes in the relative levels 
of the piers produce great vai-iations in 
the strains of the pieces of the truss. 
Continuous girders should not for this 
reason be used when the piers are liable 
to settle. Whether the supporting points 
are exactly tipon level when the bridge 
is built is a matter of no importance, al- 
though, of course, no great differences 
can be allowed. 

If in finding the equation of the elas- 
tic line we had considered the euppoite 
on different levels, a term containing 
those differences of level and the term 
E I would have entered the theorem of 
three moments. Now if a straight beam 
be laid across two points, a downward 
force is necessary in order that it should 
touch a third point at a lower level. If 
this downward force be furnished by the 
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wuight of the beam, a certain part of 
this weight will be effective in producing 
the deflection or satisfying the term E I, 
while the remaining part will act exactly 
as if the three snpport8 were on the same 
level. But if the beam, instead of being 
originaily straight, were of such a shape 
that it exactly fitted the three points it 
is in the same condition a^ the honzontal 
one after it has undergone the deflection. 
Hence its action is independent of the 
vai-iations in level, for no exterior force 
is required to compel it to correspond with 
the points of ettpport. 

We therefore conclude, that if a bridge 
be built, by suitably adjusting its false 
works, cori'esponding to the profile of the 
piers, ali the strains obtain exactly as if 
those piers were on one and the same 

BEST LENGTHS OF SPAN,9. 

Except the well-known rule that the 
lengths of tlie spans should be so adjust- 
ed that the cost of the piers and super- 
structure may be equal, there is little to 
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be said upon thih subject. Altbuugli 
most writers give a raatliemtitical discus- 
sion of the most economical relatioDS of 
spans, the fact that no two of them 
agree except in the simplest case, only 
indicates that the theory contains no 
principle which will lead to general con- 
elusions. 

Viewi/jg the matter from a practical 
point of view, but not neglecting the in- 
veetigatious of mathematicians, we may 
give the followiiigvnles. For two spans 
the lengths should be equal. For others 
the span should be symmetrical, the in- 
terior ones being equal and the end ones 
shorter by about one-fifth or one-sixth, 
or making the central ones each equal to 
I, the end ones should be about il ot^I. 
Such an arrangement equalizes the mo- 
ments due to the dead load and being 
pleasing to the eye, it is advisable to re- 
gard it in designing continuous b 



Pli ACTIO Al CONSTEUCTION. 

In the eonstrantion of continuous 
bridges, the following points should be 
carefully observed : 
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1. The iron should be of a uniform 
qnality, and have aiidergoiie as near as 
possible the same process of manufac- 
tiire. 

2. The truss should be built with par- 
allel chords, ea<ih capable of resisting 
either tension or comjjression ; the web- 
bing should be simple. With double 
and triple systems of webbing the strains 
cannot be accurately determined. 

3. Joints in the chords should never 
be made over the piers. 

i. The false works should be so adjust- 
ed .that the bridge may be built with its 
points of support on the same relative 
level with the actual bed plates, 

5, The bearing surface of the bridge 
vipon the piers should be as small as pos- 
sible consistent with considerations of 
strength and safety, and arrangements 
for longitudinal variation, due to changes 
in temperature, should be provided. 

6. Continuous girders cannot be used 
if the piers are liable to variations in 
level after erection. 
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In favor of the continuous girder verma 
the simple one, we may mention : 

1. Greater stiffness, since the defiec- 
tion under a roiling load is much lesa 
than that of independent simple spans. 

2. Ease of erection in cases where 
false works are difficult and expensive ; 
the girder may then be built on shore 
and pashed oat over the piers. 

3. Saving in material for the piers, 
since a less bearing sui-face is required 
than for two ends of single span bridges. 

4. Saving in iron, rnnminting to from 
twenty to forPy percent, over the ordinary 
construction of single spans. 

5. Simplicity of construction, when an 
angle of skew exists in the piers : in such 
cases the cross girders may be placed at 
right angles in the continuous structure, 
and the difficnlties of oblique connec- 
tions entirely avoided. 

In a simple girder, whose length is /, 
and live load per unit of length w, the 
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Q deflection due to the live load 

" 384 E r 

equal to /, the maximum deflection, which 

occurs when one span is covered with 

, ,, , , . 3.7jw/' 
the live load, IS— j^pj, or only three- 
fourths as much. With many continu- 
ous spans, the deflection is much less, its 
greatest value being in the end spans. 
In the case of a girder with hoiiaontally 
fastened ends, the deflection is only one- 
fifth of that of ordinaiy simple spans. 

The saving in iron is large, and aione 
sufficient to recommend the continuous 
system, particularly for long spans. This 
saving occurs wholly in the chords where 
material can best be spared. In the web- 
bing the quantity of material is slightly 
increased. The exact percentage of sav- 
ing dependsupon the number and lengths 
of spans, the proportion of live to dead 
load, the arrangement of webbing, and will 
be the same in no two cases. In the ex- 
ample of Fig, 9, the center span which 
we computed does not afford scarcely 
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any saving in material owing to the in- 
fluence of the larger adjacent spans. 
For girders of two hundred feet in 
length with spans nearly equal, calcwla- 
lion indicates a saving of about thirty 
per cent. For the extreme ease — a sin- 
gle span with horizontal fixed ends — the 
saving is fifty per cent. 

DISADVAKTAGBS OP TUP, CONTIKUOUS SYS- 



In our last chapter we refeiTed to an 
artiiJe by Charles Bender, C. E., which 
contains many ingenious arguments 
against the use of continiioua bridges. 
There are, in fact, fifteen " conclusions " 
to which he is led and which may be 
seen by the reader on p. 109 of the cur- 
rent volum.e of The Journal of the 
American Society of Civil Mngineers, 
Of these we will give a short abstract 
and append a running commentary. 

1. The theoretical calculation of curves 
of moments, without consideration of 
proportions and details, is ( 
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fallacious. — Other things being equal, 
the calculation of strains does furnish an 
estimate of amounts of material. The 
method of curves moreover is neither so 
accurate nor so quick as our process of 
tabulation. 

2. This fallacy will be greater, if the 
theory stands upon false premises. — Un- 
doubtedly. 

3. The theory of contindity is fallaci- 
ous and unreliable, because it supposes 
the coeiBcient of elasticity constant, 
whereas it has been shown that it may 
vary for wrought iron from 17,000,000 to 
40,000,000 lbs. per square inch. — In our 
last chapter we have shown that the 
proper interpretation of the variability 
of E is, that different qualities of iron 
have difEcrent degrees of elasticity. The 
values of E, from which it is concluded 
that the laws of flexure are fallacious, 
were in fact found by the theory itself 
from the measured deflections of beams, 
and it is hence more than fallacious to 
regard them as condemning that theory. 

4. With several diagonal systems the 
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Btrains in a continuous girder cannot be 
calculated, bnt only guessed. — A good 
objection and it applies also to simple 
girders and draw spans. 

5. The theory needs a cori'ection i£ the 
chords are made variablein cross section, 
— The amount of this correction we have 
indicated above. 

6. The calculation of continuous 
trusses is exoedingly tedious, and if gen- 
erally introduced would greatly impede 
the business of bridge building in this 
country. — A conclusion to which those 
who know how to calculate decidedly ob- 
ject. For a construction costing half a 
million dollars, it matters little whether 
one day or one week be spent in compu- 
tation, and if the one week saves ten per 
cent or more on the cost, it is certainly 
well employed.* 

' In the dlscuBsion of thiBBubject at thelMe Engineer' 
Gan-reDtion, one of the BpenkerB meutloueil au Instance 
where the EtFain sheet for a continuous I'GVOlTlng draw 
hridge wHB fumiBhed for {40. Ae that Blvahi eheut waB 
made by the author of this paper It is not unproper that 
he should remark that !ts piice won]d bave been contid- 
erablj- iBBB had the oompntatious been made by tabula- 
tion of apei loads, Instead of by the conBlderation of 
caaes of loading. 
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7. Pieces which resist two kinds of 
strain muat be proportioned to resist the 
maximum tension plus the maximum 
compression. — Further experiments are 
much needed in this connection ; if 
ffoehler's conclusions are confii-med, 
pieces must be so proportioned and hence 
the percentage of saving lowered. 

8. Continuous girders require veiy 
accurate workmanship.— Are we to infer 
that ordinary trusses do not? 

9. The foundations and masonry of 
the piers must be of excellent quality.— 
Does not the same hold for the simple 
girder? See No. 11. 

10. If the girdere are built on shore 
and pushed out over the piers, additional 
computations must be made and extra 
pieces introduced. — The additional coin- 
pntationa are of the simplest character 
and in many cases no extra pieces would 
be needed. 

11. If improperly placed on their bed 
plates, greater strains arise than are con- 
templated, an inch difference in level 
producing gresvt variations in strains. — 
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We have sliowii above that unless piers 
are liable to settle after tlio erection of 
the bridge, such differences in level pro- 
duce no effect. 

12. If one chord be protected from 
the heat of the sun the strahis are much 
disturbed. — The camher of the bridge 
is altered, as also occurs in single spans. 
It should be remembered however that 
although certain strains cause a curva- 
tu)-e, a certain curvature does not neces- 
sarily cause con-esponding strains. 

13. Continuous bridges have proved 
to be more economical in Europe than 
simple spans, because the latter have 
been improperly proportioned, — Trial is 
necessary to prove that they would or 
would not be more economical in this 
country. 

14. By designing two bridges of 200 
feet each, a two span continuous trues 
twenty-five feet high, and a simple truss 
27 feet high, with different details, Mr, 
Bender finds that the latter is more 
economical —Perhaps for other propor- 
tions this might be reversed. In a eom- 
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parison of amount of material, onght not 
other things to be taken equal ? 

15. Continuous bridges deflect as much 
as single spans.— Not if they have the 
same height and span, and are subject to 
the same loads ; a fact which every 
sohoolboy knows. 

In regard to objections 2, 6, 7, 8, 9, 10, 
12 and 13 one remark further ie neces- 
sary. They are objections which may 
he made to every new proposed con- 
struction in engineering art. In the 
days of wooden bridges, they were ad- 
vanced against the use of ii^on ; they 
have been made against the suspension 
system and against the braced aroh. 
But their value can be estimated in only 
one way, by trial. On the other hand 
theory c»n estimate one at least of the 
advantages claimed for the continuous 
systems, and that estimate is a saving of 
twenty to forty per cent, in material; 
how much of this must be deducted for 
extra care in workmanship, labor of erec- 
tion, effects of temperature, or varia- 
tions in the elasticity of the materia! can 



f, Google 



only be determined by the actual erec- 
tion of continuous bridges, by experi- 
ments extending through a long series 
of years. 

Having thus stated briefly, but fairly, 
the arguments for and against the use of 
continuous bridges, we leave it to prac- 
tical buildei's to decide whether or not 
the system is worth a tiial. Other na- 
tions have long been using it ; profiting 
by their experience and by our own im- 
proved methods of manufacture and 
modes of erection, it niay, perhaps, turn 
out that we shall find it better and more 
economical than the present system of 
single independent spans. 



The literature on the theory of con- 
tinuous girders is very extensive in the 
German and French languages, and very 
limited iu English. We can only give 
here a few hints conceraing its develop- 
ment and histoiy. 

About the year 1825, Navier founded 
the present theory of flexure by intro- 
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ducing the liypotheais tliat tlie exteii- 
elona and compressions of the fibers on 
each side of the neutral axis were pro- 
portional to their distances from that 
axis. From this he deduced the equa- 
tion of the elastic line, and applied it to 
the discussion of continuous girders. 
His method consisted in determining 
first the reactions o£ the supports, and 
from these the internal forces or sti-ains, 
which, although the most logical, was 
exceedingiy tedious in practice. In the 
following works the reader may find de- 
tailed infoi-mation concerning his meth- 
od : 

Kayser ; Mand/nich der Statih, Carla- 
ruhe, 1836, chap. X, 

Molinoa et Pronnier : Traits de la 
construction dee ponts metaUques, Paris, 
1857. 

Pi-om the time of Navier to the pub- 
lication in 1857 by Ciapeyron of the 
method of using the moments over the 
piers as auxiliaries in the computation 
instead of the reactions, many continu- 
ous girders were built in France, Ger- 
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